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THE BOSONIC FOCK REPRESENTATION AND A GENERALIZED 

SHALE THEOREM 

P.L. ROBINSON 



r~s , Abstract. We detail a new approach to the bosonic Fock representation of a complex 

fvj ' Hilbert space V: our account places the bosonic Fock space S[V] between the symmetric 

algebra SV and its full antidual SV; in addition to providing a context in which arbitrary 
(not necessarily restricted) real symplectic automorphisms of V are implemented, it offers 
simplified proofs of many standard results of the theory. 



^ ' 0. Introduction 

pLn ', Traditionally, the bosonic Fock representation of a complex Hilbert space V is founded 

pH ■ in symmetric Fock space S[V]: the Hilbert space completion of the symmetric algebra SV 

relative to a canonical product. Again traditionally, the various operators of interest (such 
as the number operator, field operators, creators and annihilators) are initially defined on the 
symmetric algebra and then extended to their maximal domains in Fock space. An unfortunate 
aspect of this traditional approach is that these extended operators are defined implicitly rather 
than by explicit formulae, a circumstance that often entails the use of awkward and indirect 
arguments. 



^^ I A celebrated theorem of Shale asserts that a symplectic automorphism t; of V^ is unitarily 

0^ . implemented in the Fock representation on S[V] if and only if the commutator [g,i] = gi — ig 

is a Hilbert-Schmidt operator. A standard proof of this theorem involves first developing an 



CO . essentially figurative expression for the corresponding displaced vacuum and then showing that 



the Hilbert-Schmidt condition is necessary and sufficient for this figurative expression to define 
an element of <S'[1^]. It is reasonable to ask for a context in which such figurative expressions 
are strictly legitimate: a setting that accommodates displaced vacua for all symplectic auto- 
morphisms. 



j^ Our purpose in these notes is to present a new approach to the bosonic Fock representation 

C^ , that addresses each of the issues just mentioned. In spirit, ours is a variant of the rigged Hilbert 

space approach and places S[V] between a suitable subspace and its antidual. In fact, we follow 
the simplest route: the canonical inner product embeds SV in its full (purely algebraic) antidual 
SV comprising all antilinear functionals SV — >■ C; Fock space S[V] is realized as the subspace 
of bounded antilinear functionals, whence the triple SV C S[V] C SV. An important feature 
of this approach is that the antidual SV is itself a commutative associative algebra: indeed, the 
canonical product on SV arises from the canonical coproduct on SV after the fashion familiar 
from Hopf algebra theory. 

When V £ V the Fock field operator tt{v) is defined in terms of the creator c{v) and annihilator 
a{v) according to the usual prescription v^ 7r(w) = c{v) + a{v). These operators are initially 
defined on SV and then extend to SV by antiduality: thus, if $ € SV and ip G SV then 
[c(u)<i>]('0) = $(a(w)V') and [a{v)^]{ilj) = <l)(c(v)V') so that [7r(v)$](V^) = $(7r(w)V')- The various 
operators restrict from SV to the usual domains in S[V]: for instance, 7r(w) restricts from SV to 
define an operator that is selfadjoint on the natural domain {$ G S[V] : 7r(w)$ G '§'[1^]}; it is not 
necessary to establish that ^{v) is essentially selfadjoint on SV and form the unique selfadjoint 
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extension. We remark that in this context, the canonical commutation relations in Heisenberg 
form hold without qualification on SV : thus, ii x,y £ V then [n(x), T:{y)] = i Im < x\y > I. 

The universal implementability of symplectic automorphisms may be established rather di- 
rectly within this formalism. By definition, a (generalized) Fock implementer for the symplectic 
automorphism g of T^ is a (nonzero) linear map U : SV — >■ SV that intertwines 77(11) G EndSV 
with TT{gv) e EndSV in the sense v G V ^ Utt{v) = TT{gv)U. It transpires that each sym- 
plectic automorphism g oi V admits a (generalized) Fock implementer U that is unique up 
to scalar multiples; moreover U may be recovered from the corresponding displaced vacuum, 
which is a Gaussian (the exponential of a quadratic) in SV . Of course, if the commutator [g, i] 
is of Hilbert-Schmidt class then the Gaussian displaced vacuum lies in S[V] and (when scaled 
appropriately) U determines a unitary operator on S[V] that implements g in the usual sense. 

Of course, the technique of placing a Hilbert space E between a suitable subspace E and 
its antidual E' so as to form a triple E C E C E' is well established, though the subspace E 
is typically provided with extra structure (such as that of a nuclear space) and the antidual 
E' respects this. The case in which i^(K") is placed between the Schwartz space 5(]R") and 
the tempered distributions 5'(R") is prototypical, of course. Of more direct relevance to the 
present paper is work of the Hida group and others on the White Noise Calculus: here, E is the 
L^ space of a Gaussian measure on the dual of a nuclear space, E the space of test white noise 
functionals and E' the space of generalized white noise functionals; see [5] and [6] for detailed 
accounts. 

Traditional approaches to the bosonic Fock representation may be found in [2] [3] [4]; tradi- 
tional approaches to the classical Shale theorem may be found in [1] [2] [3] [4] [9] [10] [11] [12j . 
The approach taken in these notes, placing bosonic Fock space between the symmetric algebra 
and its full antidual, is both natural and elegant. The virtues of placing fermionic Fock space 
between the exterior algebra and its full antidual have already been discussed elsewhere [5]. 
The task of presenting a similar treatment for Fock spaces over indefinite inner product spaces 
will be left to a subsequent paper. 

1. Symmetric Fock spaces 

Let V^ be a complex Hilbert space with < -I- > as its complex inner product and J — i- as 
its complex structure. Denote by 

SV = ^ S'^V 

its graded symmetric algebra and by P'^ : SV —>■ S'^V projection on the summand of homoge- 
neous degree d gN. Recall that SV carries a standard complex inner product < • | • > relative to 
which the homogeneous summands are mutually perpendicular; 1 G C = 5*^1/^ is a unit vector 
and if a;i, . . . , Xd, yi, . . . , j/d e F then 

d 

(1-1) < xi • • • Xd\yi ■■■yd>= Pcr[< Xalyb >] = X! IT ^ Xk|y^(k) > 

IT k=l 

where Per denotes the permanent of a square matrix and tt runs over the group comprising all 
permutations of 1, . . . , d. In particular, ii x,y € V then 

(1.2) <a;''|/>=d! <a;|y>'' 

and if u, xi, . . . ,Xa,yi, ■ ■ ■ ,yb ^ V then 

(1.3) ^_iL_|^,...^„y,...y,)^(|^|,,...,„)^^|,,...,,) 
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whence bilinearity implies that ii v £ V and 0, V' € SV then 



u°+^ , , \ /-y", \ /v'' 



Theorem 1.1. If V contains {vi, . . . ,v„i} as a unitary set then SV contains {v^ : D G N™} 
as a unitary set, where if D = (di, . . . , dm) G N™ then 



V 



D 



■V" 



y/dil-- -drnl 



Proof, li A,B E N'" are distinct then < v^\v-^ >— 0: either v^ or v^ have distinct degrees or 
each term in the permanent expansion of < v \v^ > contains a vanishing inner product. li D = 
{di, . . . , dm) then the permanent expansion of < v^\v^ > has exactly dil ■ ■ ■ dml nonvanishing 
terms each of which equals < vi\vi >'^'^ ■ ■ ■ < v„i\v,n >'^'". D 

For future reference, we remark that S'^V is spanned by the vectors {u"^ : u e V}: indeed, 
S'^V is certainly spanned by {ui ■ ■ ■ Ud : ui, . . . ,Ud & V} and polarization yields 

(1.5) 2'^dl Ml • • • Ud = ^ ± • • • ± (±Mi • • • ± Udf. 

±...± 

It proves convenient to introduce the set J^{V) comprising all finite-dimensional complex 
subspaces of V directed by inclusion. Note that SV is the union of its subalgebras SM as M 
runs over J-{V): 

SV = [j{SM : M £ T{V)}. 

When M £ J'iV) we write P/\/ : T^ — ?► M for orthogonal projection and write 

Tm{V) ^{N £ T{V) : M C N}. 

Theorem 1.2. If M £ J-^V) then the functorial extension of Pm '. V ^ M is precisely the 
orthogonal projection Pm '■ SV — > SM . 



Proof. Formulae of the type (|1.3I) show that \i vi, . . . ,Vd £V and z £ M then 

< z%PmVi) ■ ■ ■ (PMVd) >= d\ < z\PmVi > ■■■ < z\PMVd >=< z'^lwi ■ ■ ■ Vd > 

whence the remark following Theorem 11.11 shows that (Pm^i) ■ ■ ■ (PAiVd) — (wi • • ■ Vd) is perpen- 
dicular to S'^M. 

a 

Denote by SV the full antidual of the symmetric algebra, comprising all antilinear function- 
als SV -^ C. Note that the standard complex inner product < -j- > linearly embeds 5*^ in SV 
via the canonical inclusion 

SV ^ SV :0i-^< •!(/)> . 

When $ £ SV and d S N we may consider $'^ : = $ o F'^ as an element of either SV or {S'^V)' 
as convenient. Note that if $ G SV then 

deN 
for if also ifj £ SV then each sum is actually finite in the following calculation: 

deN deN deN 

Note also that if to each d G N is associated an element (^'^ G S'^V then the formal series 
SdeN'^'' determines an element of SV . 
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Now, let $ e SV . If M e J^{V) and d G N then the finite-dimensionahty of S'^'Af guarantees 
the existence of a unique $^^ G S'^M such that ^S'^M =< -j^f^ >. If also N e J'mCV") then 
Pm^% = $M for if ^ G S'^^M then Pm^A = V" and therefore 

In the opposite direction is the following description of the antidual. 

Theorem 1.3. If to each M e J-iV) and d E N is associated an element ^fj £ S'^M satisfying 
the consistency condition 

then there exists a unique $ G SV such that if M G J^{V) and d G N then 
Proof. For ip G SV we define 

^i^) = Y,<pU\<> 

where M G J^{V) is chosen so that ip G SM. The choice of M G J-'{V) is immaterial: if also 
N G T{V) and ip & SN then each of < P''V'I*m > and < F^V^|$^ > equals < P'^VI^m+at > 
by consistency. The rest of the proof is clear. D 

In fact, the antidual SV is naturally an algebra. The most elegant way to see this rests 
on the fact that SV itself is naturally a coalgebra: the diagonal map V --> V (B V induces an 
algebra homomorphism SV — ?> S{V © V) which when followed by the canonical isomorphism 
S{V ®V) ^ SV (» SV yields the (cocommutative) coproduct A : SV ^ SV (» SV. In these 
terms, the natural (commutative) product in SV is defined by the rule that if $, \1/ G SV and 
eeSV then 

[$*](e') = [$® *](A6'). 

Theorem 1.4. The natural product in SV is weakly continuous. 

Proof. Explicitly, if ($a : A G A) and (^a : A G A) are nets in SV converging weakly to 
$ G SV and * G SV respectively then the net ($a*a : A G A) converges to $* in the same 
sense: if G SV then 



for if A0 = J2k=i ^k <8) r]k then 



limf^A^AJW = [$*](6') 
AeA 



K 



[$A*A](e) = [$A ® *A](Ae) = Y. *A(^fc)*A('7fc) 

fe=l 

which as A runs over A converges to 

K 

J2 $(a-)*fc) = [* ® *](A0) - [**] W- 
fc=i 

D 

Note that the canonical inclusion SV — > SV is an algebra homomorphism: it is enough to 
see that if G 5""^ and ip G S''V then < ■\(f)^lj >=< -10 >< •|V' >; this follows from (|1.4p 
and the remark immediately after Theorem ll.il When identified with its image, SV is weakly 
dense in SV. 
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Theorem 1.5. $ e SV is the weak limit in SV of the net ($^^H h$A/ : M G J"(V),d G N) 

in SV. 

Proof. For ii & SV choose M^ e T{V) and dy, S N so that ip S SM^ and ?/''^ = when d> d^. 
If M e J^(y) contains M^ and d € N exceeds d^ then plainly $(V') =< V'I^m "I ^ *m >■ 

D 

The following less elegant formulation of the product in SV is occasionally useful. 
Theorem 1.6. Let $ and * lie in SV . If M e T{V) anddeE then 



a-\-b—d 



b 

M- 



Proof. This follows from ()1.4p and the remark after Theorem 11.11 : if u e A/ then as 

^-^ a\ b\ 

a+b— d 



VdT 






a+fe— d 

= (^1 1: *•'*■ 



^ M 



a+b—d 



D 



We remark that this actually provides an alternative construction of the product in SV: if 
$, ^ € SV then the assignment 



M 



M e T{V),d e N ^ ['^mi = Y^ *M*5 

a+6— d 

is readily confirmed to be consistent in the sense of Theorem 11.31 
Now, let $ e SV' . To each M e ^{V) we associate the formal sum 

and to this formal sum we associate the number 



V den 



Let also N e -^j\/(l^): if d G N then the consistency condition $fj = Pm^% implies that 
1 1 "I'm 1 1 < W^'nW ; consequently, summation yields ||$Af|| < ll'I'ivll- It follows that the net 
(||$Ar|| : N e J-{V)) in [0,oo] is increasing, with the same supremum as its subnet (||$a'|| : 
N e Fm{V)) for each M e T{V). Define 

||$|| : = sup||$Ar|| =lim||$7v||. 

AT N 

Theorem 1.7. If ^ Cz SV then ||$|| is its operator norm as an antilinear functional on SV 
in the sense 

|11'|l=sup{|l<i>(^)|:^e5F, \m<l}- 
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Proof. Let tp £ SV be a unit vector: if M e J'iV) and d E N arc chosen so that tp 

ip^ -\ \-ip'^ e SM then 



H^)\^ (^|E*m) < II E*m 



< II* 



Ml 



SO the operator norm of $ is at most ||$||. Let M e J^{V) and d e N: if $°^ + • • • + $5(^ 



-M 



nonzero then the unit vector 



satisfies 



^■■ = {T.'^M)/\\T.ni 



a=0 



a=0 



<i'W-(^|E*m)-||E*m 



a=0 



a=0 



D 



whence the arbitrary nature of M and d imphes that the operator norm of $ is at least ||$| 

We are now in a position to introduce symmetric Fock space as 

S[V] ={$€ SV : ||$|| <oo}. 

Plainly, S[V] is a complex vector space upon which || • || defines a norm. In fact, this norm 
is induced by a complex inner product: indeed, if $, ^ G S[V] and M G J-{V) then the 
parallelogram law in homogeneous summands of SM yields 

||($ - *)m||' + II($ + *)m||' = 2{||$m||' + II*m||'} 

whence passage to the supremum as M runs over J^{V) yields 

11$ - *|P + 11$ + *|P = 2{||$|p + ||*|p} 

so the parallelogram law holds in S'lT^]. Accordingly, || • || is induced by the inner product < -j- > 
defined by the rule that if $, VP G ^[F] then 

3 

P\T/I|2 



<$!>!- > = i^rP||$ + iP* 



p=0 



Theorem 1.8. //$ G S[V] and M G T{V) the 



|$||' = ||$-$m||' 



$ 



M 



Proof. Let N G J^m{V)- If d G N then consistency and the Pythagorean law in S'^N yield 

\\<f ^\\<- KW + ii^mII' = ii(<j' - ^M)%f + mM)%\\' 

whence summation yields 

||$Ar||2 = ||($-$M)iv||' + ||($M)Ar||'. 

Passage to the supremum as N runs over Tm{V) concludes the argument. 
As is readily checked, it is also the case that if $ G S[V] then 



D 



(1.6) 



l$ll 



Ell*^'!! 



den 



In fact, SV is dense in the inner product space S[V]. 
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Theorem 1.9. //$ G S[V] then the net ($' 
to $ in S\V]. 



*M 



M e -^(V"), d eN) in SV converges 



Proof. Let e > 0. Choose M, e T{V) so that ||$mJ1^ > ll$|P - e^ and choose d^ € N so that 



\Kc 



'^kr> 


||$||2 - e^ If M e TmAV) and if d e 


N) is at lea 




d 
a=0 


2 <* 

= y-||$a||2^y ||^a_^a |J2 

a>d a—0 

= E 11*11' -Eii*Mf 

aeN a=0 






= ll*lP- >>A/ 


2 



D 
Further, ^[l^] is actually the Hilbert space completion of SV. 

Theorem 1.10. The inner product space S[V] is complete. 

Proof. Let (■'$ : j e N) be a Cauchy sequence in S[V]. If M e J^{V) and d e N then 
i^^ti ■ i € N) is (by domination) a Cauchy sequence in the finite-dimensional (hence complete) 
space S'^M so we may define $f^ : = hmj(J$^). If also N € J"Af(T^) then Pi[^% = ^<^if 
so that continuity of Pm ■ S^'-N -^ S'^M implies Pm^% = ^m- Now Theorem [Ol furnishes a 
unique $ G 51/' such that if M e T(y) and d e N then ^\S'^M =< ■\<i>fj >. Let e > and 
choose je e N so that iip,q> je then |j9$ -p $|| < e. If M € T{V) then ||«$m -^ ^m\\ < £ 
so that (upon inspection of homogeneous summands) letting p — j > je and q -^ oo results in 
||($ —J $)^|| < e; as M is arbitrary, it follows that if j > j^ then ||$ — ' $11 < e. This places $ 
in S'[y] as thelimit of (•'■$ : j eN). D 

Of course, the canonical inclusion SV — ?> S[V] is isometric. 

We shall have occasion to use the following assertion of compatibility. 

Theorem 1.11. // $ e S[V] and i/; e SV then $(-0) =< V|$ >■ 

Proof Select M^ e T{V) and d^ e N so that ^ = ^j" + ■ ■ ■ + 'tj/^- e S'A/v If ^^ ^ -^m^(V') 
and d g N exceeds d^ then ^ = f/jO H h ?/;'^'* G 5M so 

$(0) =< V|$S.f + • • • + $t/ > . 
An application of Theorem 11.91 ends the proof. D 



We shall also have need for the subspace of S[V] comprising all elements of homogeneous 
degree d € N: 

S'^[V] = {$ e S[V] : $ o P'^ == $}. 

Theorem 1.12. If d eN then S'^[V] is precisely the closure of S'^V in S[V]. 

Proof Plainly, S'^V C S'^[V] and (HI]) implies that the map S[V] -^ S[V] : <^ ^ <^ o P<^ is 



continuous, so S'^V C S"^[y]. For the reverse inclusion, apply Theorem ll.91 D 

Note that (|1.6p shows that S[V] is the Hilbert space direct sum of its homogeneous subspaces: 

S[V]^'^S''[V]. 



dGN 
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This notion of homogeneity may be conveniently reformulated and applies to the full antidual 
SV . Explicitly, the group K+ of positive reals has a scaling action cr on y given by 

which extends to SV by functoriality and then to SV by antiduality, so that 

ieM+,$e SV,ipe SV ^ [at^KV') ^<^{atip). 

In these terms, the elements of homogeneous degree d E N arc those on which at acts as 
multiplication by f^ whenever t G M"*". 

In the sequel, our interest will centre largely on quadratics: elements of S^V' . It is convenient 
to discuss these a little more fully here. Let us say that the (antilinear) map Z : V ^ V is 
symmetric precisely when 

x,y E V =^< y\Zx >—< x\Zy > . 

More generally, let us say that the (antilinear) map Z : V —?' V is symmetric precisely when 

x,y eV ^ Zx{y) = Zy{x). 

Plainly, the space S^V of all quadratics C is canonically isomorphic to the space of all symmetric 
antilinear maps Z : V —?' V via the rule 

(1.7) x,yeV^axy)=Zx{y). 

Theorem 1.13. 5'^[y] is canonically isomorphic to the space ^'^[V] comprising all Hilbert- 
Schmidt symmetric antilinear maps V — >■ V: explicitly, ( G <5''^[F] and Z € S^[l/] correspond 
when 

x,y eV ^ ({xy) =< y\Zx> . 

Proof. Let M G J^{V) have (wi, . . . ,Vm) as unitary basis. Note that Cm € S'^M corresponds 
canonically to the symmetric antilinear map Zm : M — > M : w i— > {Zv)m- Accordingly, from 
Theorem 11.11 it follows that 

Cm = 2 X! "^ WaWblCM > VaVb ^ -^^ < Va\ZMVb > VaVb 
a,b a,b 

llCMir - ^E I < ^a\ZMVb > P = \\\Zm\\Is- 
a,b 

Passage to the supremum as M runs over J^iV) now shows not only that Z maps V to itself 
but also that Z : V ^ V is Hilbert-Schmidt with \\Z\\hs = V^IICII- □ 

2. Exponentials, creators and annihilators 

Let V & V. We define the creator c{v) : SV — ^ SV to be the operator of left (equivalently, 
right) multiplication by v. 

(j) e SV => c{v)(f) = v(j). 

We define the annihilator a{v) : SV -^ SV to be the unique linear derivation such that a{v)l = 
and such that ii w (z V then a(v)w —< v\w >. Recall that for a{v) to be a derivation means 
that if 0, ■0 e SV then 

a{v)[(j)'ilj] — [a{v)(j)]ip + (j)[a{v)'ip] 

so that ii vi, . . . ,Vm G V then 

m 
a{v)[vi ■ ■■Vjn]='^< v\vk > Vi- --Vk- --Vm 

fc=l 
where the circumflex ^ signifies omission as usual. 



whence 
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Theorem 2.1. If v Cz V then c{v) and a{v) are mutually adjoint on SV in the sense that if 
0, ■0 G SV then 

< a{v)(j)\ip >=< (f)\c{v)ip > . 

Proof. It is enough to verify the equahty when (j) = xqXi ■ ■ ■ Xm and ip = yi ■ ■ ■ y-m for vectors 
xo,xi, ■ ■ ■ , Xm,yi, ■ ■ ■ , 2/m hi V; in this case, verification amounts to an elementary permanent 
expansion. D 

We extend the definition of creators and annihilators to the antidual SV by antiduahty. 
Exphcitly, let u S V: for $ e SV and -0 G SV we define 

[c(w)$](V^) =^{a{v)ip) 

[a(t;)$](i/;) = $(c(u)V'). 

In both the original and this extended context, creators and annihilators satisfy the canonical 
commutation relations in the following form. 

Theorem 2.2. If x,y eV then 

[a{x),a{y)] =0 

[a{x),c{y)] =< x\y > I 

[c{x),c{y)]^0. 

Proof. Validity on SV follows at once by antiduahty from validity on SV. Here, the last 
identity is plain from commutativity of SV while the first then follows by Theorem 12.11 ; the 
central identity holds since if G SV then 

a{x)c{y)(p = a{x)[y (p] = [a{x)y](t) + y[a{x)4>\ ==< x\y > (f) + c{y)a{x)(j>. 

O 

When SV is given the topology of pointwise convergence, the extended creators and anni- 
hilators are continuous. 

Theorem 2.3. If v £ V then c{v) and a{v) are weakly continuous on SV . 

Proof. Let ($a : A G A) be a net converging weakly to $ in SV: ii ip E SV then as A runs over 
A so 

[c{v)^x]{tp) = $A(a(w)^) -^ $(a(w)V') = [c(u)$](f/') 

whence c(w)$a -> c(w)$ weakly and a{v)^\ — > a(v)$ similarly. D 

The extended creators and annihilators are indeed extensions of the originals relative to the 
canonical inclusion SV — > SV: let v G V and (p G SV; if also ip G SV then by Theorem 12. II it 
follows that 

[c{v) < -Icj) >]{^) =< -10 > (a(w)V') =< ■\c{v)(j) > {^) 

whence c(w) < -10 >=< ■\c{v)(j) > and a{v) < -ji/) >=< ■\a{v)(j) > likewise. Further, the 
extended creators and annihilators inherit the following properties from the originals. 

Theorem 2.4. If v e V then c{v) : SV — > SV is multiplication by < -{v > and a{v) : SV — >■ 
SV is a derivation. 

Proof. For the annihilator, let $ and ^ lie in SV: Theorem 11.51 furnishes nets (</>> : A G A) 
and {ip\ : A G A) in SV converging weakly to $ and ^ respectively, so letting A run over A in 

a{v)[(j)xil;\] = [a{v)(l)\]ipx + (t)\[a{v)ip\] 

yields the desired equality 

a(v)[$*] = [a(w)$]* + $[a(v)*] 
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on account of Theorem 1 1 .41 and Theorem 12.31 For the creator, argue by weak continuity or let 
$ e SV: if li e V" then 

[<-\v>nu'') = [<-\v>®^[Y. ^""' 

a+6— rf 



®v!' 



E 7^ < -> > *("") 



a\b\ 

a-\-b—d 



= d < u\v > ^{u'^-^) = <i>{d < v\u > u'^-^) 
= <i>{a{v)u'^) = [c(w)$](w'') 
whence the discussion after Theorem 11.11 imphes that c(w)$ =< -{v > $. 

Another famihar inherited property concerns the Fock vacuum 1 G C = S'^V. 



a 



Theorem 2.5. The antifunctionals in SV killed by each annihilator are exactly the scalar 
multiples of < • 1 1 > . 

Proof. By definition, each annihilator vanishes on 1 G SV and hence on < -jl >e SV . Con- 
versely, let $ e SV lie in the kernel of each annihilator. li vo,vi, . . . ,Vm S V then 

= [a{vo)^]{vi ■ ■ ■ Vm) = $(woWi • • • «m) 
so that $ vanishes on (Bd>oS'^V and is therefore proportional to < -jl >. D 

Similarly or otherwise, it is easily checked that each creator is actually injective. 

In order to consider creators and annihilators as operators in symmetric Fock space S[V] we 
investigate their relationship to || • ||. As preparation, let v G V and let 

$ = ^$'^e SV'. 

Plainly, if d € N then {c{v)<^Y+^ = c{v)^'^ and (a(u)$)'' = a(u)$^+i. Let also M e J^{V) 
contain v. ii ip & S'^'^^V then 

(c(w)$)'^+i(?A) = c(v)$''(V') - $''(a(w)V') 

= < a(w)V'|$M >=< Mc{v)<^M > 

whence 

{c{v)<^)ii'^c{vM, 

and similarly 

Theorem 2.6. If v e V and $ e SV then 

Proof. Of course, both sides of the putative equality are numbers in [0, oo]. If M e J^{V) then 
Theorem 12.11 and the canonical commutation relations in Theorem 12.21 imply that 

Hv)K\\' = < c{v)K\c{v)K >=< K\a{v)c{vMi > 
= < K\c{vHv)K+ < v\v > < > 
= \\a{v)^U\' + \\vr\\Kir 
whence the formulae derived prior to the Theorem imply that if M contains v then 

\MvmiV\\' = \Mvmti'r + \\v\\'\\<\\'- 
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Summation over d > together with the evident equalities ||(c(u)$)]y^|| = I|c(w)<&mII — 
\\v\\\\¥li\\ and {c{v)<^)Ij = yields 

\Mv)^)Mf = \\{a{v)^)Mf + \\vf\\^Mf. 
Passage to the supremum as M runs over J'{V) while containing v concludes the proof. D 

When u e y we may now consider c{v) and a{v) as operators in S'[l^]: thus, c{v) has natural 
domain {$ e S\V] : c{v)<^ e S\V]} and a{v) has natural domain {$ e S\V] : a{v)<^ e 5'[y]}. 
Note that these domains coincide by Theorem 12.61 and plainly contain SV . 



Theorem 2.7. When v ^V the operators c{v) and a{v) in S[V] are mutual adjoints: c{v)* = 
a{v) and a{v)* = c{v). 

Proof. To sec that a{v) C c{v)* let $ and ^ lie in the domain of a{v) and c{v). If d > and 
M e J^iV) contains v then 

d-l 



a=0 



a=0 
d-1 



a=0 
d 



M 



a=0 
d 

a=0 

whence it follows by Theorem 11.91 that 

< *|a(w)$ >=< c(w)*|$ > . 



$ 



To see that c{v)* C a{v) let $ lie in the domain of c{v)* . li tp ^ SV then Theorem 11.111 implies 
that 

[c(w)*$](-0) = < -0|c(w)*<i> > = < c(u)V'|<|) > 

= <^{c{v)t})) = [a(u)$](V') 
whence a(w)$ = c(w)*<i> £ 5'[y]. Thus c{v)* ~ a{v)\ likewise a{v)* = c[v). D 

As a corollary, the operators c(v) and a{v) in <S'[V^] are closed: more directly, this may be 
seen as follows. Let ($j : j G N) be a sequence in the domain of c{v) such that as j — > oo both 
$j -^ <i> and c(w)$j ^- * in S\V]. On the one hand, as $j -> <I> in S\V] so $j ^- $ in SV 
by Theorem 11.111 and therefore c{v)^j — >■ c(i;)4> in SV by Theorem 12.31 on the other hand, 
c{v)<^j ^ * in S\V] and hence in SV . Thus c{v)^ = * G S'[y] and so c{v) is closed. 

We shall require certain precise estimates for the norms of a creator and its powers on 
homogeneous elements of S\y]. For these, let v € V be (without loss) a unit vector. Let 
e S'^V and choose M G J^iV) so that v £ M and (/> G S"^M. Extend u = wq to a unitary basis 
(uq, wi, . . . , w„i) for M. From Theorem 1 1.1 1 it follows that 



^-E 



»£)- 



'^0 '^l "m 



^ Vdo^i! • • -dm! 

where summation extends over all multiindices D = {do, di, . . . , dm) with da + di- 
Now 



«0 = E^ 



'(do + l)!^^_ «o*+^^ 



£1 



do! VK + l)!di!---d™! 
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SO 

D 

This elementary estimate is the basis for the foUowing result. 
Theorem 2.8. Let v e V and letaeN. IfbeN and $ e S''[V] then 

a\ o! 
Proof. Allowing v to have arbitrary norm, the inequality immediately prior to the Theorem 
shows that if </) G S''V then 

Mr<{b+i)\\vrur 

whence induction shows that 

ii«>ip < (a + 6) • • • (1 + b)\\v\n\<pr = i^i^ii^'^f ii^f . 



Thus, if $ e S''[V] and M e T{V) contains v then 



IIK$)M|p<^^^||«°irii'PA/i 



2 ^ V " ^ "/ •|L,n||2||^ Il2 

a! 6! 
and so passage to the supremum confirms the claimed equality. D 

In fact, a V ^ V and a, 6 G N then the operator norm of c(u)° : S''[V] — > S'°+^[y] is exactly 
^yJfi^\^})\Ja^b\\\v°^\\ as may be checked by computing ||c(w)''i'''||. 

Regarding exponentials let us begin simply, considering first the exponentials in SV of 
vectors in 1^. To be precise, when z e T^ we define 

(2.1) e- = 5] - e SV. 

^-^ ni 

As usual, this formal power series is (in the first instance) weakly convergent, for individual 
elements of SV vanish in sufficiently high degrees. 

These simple exponentials are called coherent vectors; they are common eigenvectors for the 
annihilators. 

Theorem 2.9. If v and z lie in V then 

a(u)[e^] =< v\z > e^. 
Proof. As a{v) is a derivation, if n € N then a(w)[z"] = n < v\z > z'"'^^ so 



a{v) 



^n — 1 

=< viz > 



(n-iy. 

from which the Theorem follows upon summation by virtue of the weak continuity expressed 
in Theorem O □ 



In fact, these simple exponentials converge not only in SV but also in S[V]. 
Theorem 2.10. If z E V then the coherent vector e^ lies in S[V] and 



e = e" 



Proof. If M G J-iV) contains z then of course {e^)M = e^ and 



Ufz-. ||2 „ V^ 11^ II „ V^ ll^ll _ J\zf 

Now pass to the supremum as M runs over J^{V) while containing z. 



D 
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More generally, ii x,y d V then the coherent vectors e^ and e^ have inner product 

(2.2) < e^|e^ >= e<="l^>. 

Theorem 2.11. The coherent vectors {e^ : z G V} constitute a linearly independent total set 
inS[V]. 

Proof. Let zi, . . . , z™ G V he distinct and assume that Ai, . . . , Am € C are such that 

Aie^i + • • • + A,„e"" = 
whence the taking of homogeneous components yields 

deN^ Xizf H h X,n4n = 0- 

Select V £ V outside the finite union 

[J{ker < -Izq ~ Zp >: I < p < q < m} 
of hyperplanes, so that the complex numbers < v\zi >,...,< u|z„j > are distinct. Now 

deN^< v'^\Xizf + ■■■ + \,nzi >= 

so 

d e N ^< v\zi >'' Ai H h < v\zm >'* A„i = 0. 

This Vandermonde system forces the vanishing of Ai, . . . , A„i. This proves that the coherent 
vectors are linearly independent; we prove that their linear span is dense in S[V] as follows. 
Let 

and suppose that < $|e^ >= whenever z G V. If z € T^ is fixed and A e C varies then 

\d 

^^ d! 

whence equating coefficients shows that if d G N then < (f>'^|z'' >= . As z e ^ is arbitrary, so 
$ vanishes in each degree, on account of Theorem II . 1 2 1 and the discussion following Theorem 



Of special importance are Gaussians: the exponentials of quadratics. Let the quadratic 
( e S'^V correspond to the symmetric antilinear map Z : V ^ V according to (|1.7p . We 
define the associated Gaussian by 

(2.3) e^ = exp(C) = ^ ^ e ^1^' 

where the formal series converges weakly because individual elements of SV vanish in sufhciently 
high degree. 

On Gaussians, annihilators act essentially as creators. 

Theorem 2.12. IfvCzV and if Z : V ^ V is symmetric antilinear then 

a{v)e^ = {Zv)e^. 

Proof. Let Z correspond to the quadratic C, G S^V as usual: the rule (jl.7p implies that 
a{v)C, = Zv; hence Theorem 12.41 implies that if n S N then a(v)C" = n{Zv)C,^~^ so Theorem 
11.41 and Theorem 12.31 implv that a(w)cxpC = (Zw)expC • □ 

Contrary to the case for coherent vectors, Gaussians do not automatically lie in symmetric 
Fock space: in fact, we claim that e^ lies in S\V] precisely when Z is of Hilbert-Schmidt class 
and has operator norm strictly less than unity. 
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In order to establish this claim, it is convenient to begin by supposing that V is finite- 
dimensional. In this case, lei Z : V ^> Z he a. symmetric antilinear map and note that Z^ is 
then a selfadjoint (indeed, positive) complex-linear map: 

V £V ^< v\Z^v >= \\Zvf. 

By diagonalization, V has a unitary basis (wi, . . . , Vm) such that if 1 < fc < to then Zv^ = XkVk 
with Afc > 0; in these terms, 

Det(/-Z2) = (l-Ai2)...(l-A„2) 

\\Z\\ = max(Ai,... A™). 
The quadratic ^ e S^V to which Z corresponds canonically is given by 



so that if n G N then 

N 

and 

wcr _ 

(n!)2 

where summation takes place over all multiindices N — {tii, . . . ^n^) e N™ for which n 
ni + • • • + riyn. Consequently, 

ll^"l|2 



k=i 




"1 ■ ■ • n-m/ V 2 / V 2 / 


'.^^...z;^- 


^ Ui / " ' Urn A 2 / 


-(2") 



)(^)'"-eC:;:)(^) 



E 1 



2n„ 



= (i-A?r^...(i-A^j-^ 

^ Det5(/-Z2)-i 
provided that each of the nonnegative numbers Ai, . . . , Am is strictly less than unity. 
We may now establish the claim in full generality. 

Theorem 2.13. // Z e Y?[V] and \\Z\\ < 1 then e^ e S[V] and 

||e^||2=Det5(/-Z2)-i. 

Proof. Let ( e S'^[V] he the canonical correspondent to Z e ^'^[V] as in (fTTI . If M e T{V) 
and if Cm G 5^1/ corresponds to Zm : M ^ M then (by Theorem [L6] say) (exp ()m = exp{(M) 
so that {e^)M = e^^^ while ||2'j\/|| < \\Z\\ < 1. The finite-dimensional calculation prior to the 
Theorem yields 

||(e^)M||'=Dct^(/-ZM')-^ 

On the one hand, the net (||(e'^)M|| : M E J'{V)) is increasing by the discussion prior to 
Theorem 11.71 and indeed converges to \\e^\\ by definition; on the other hand, the limit of the 
net (Det(/ — Zm'^) '■ M G J^iV)) is Det(/ — Z'^) by trace-norm continuity (or very definition) 
of the Fredholm determinant. D 
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Conversely, let Z : V -^ V be symmetric antilinear with correspondent ( G S^V and 
suppose that e^ G S[V]. If M e J^iV) then the proof of Theorem fl . 131 yields 

WZmWIs = 2||a/ir < 2|| expCMlP - 2||e^-||2 < 2\\e^\\^ 

whence Z g T,'^[V]. Further, \\Z\\ < 1: if \\Z\\ > 1 then let u G F be an eigenvector for Z with 
eigenvalue A > 1; setting M = Cu G J^{V) yields 

nGN \ / ■" 

which places e^ outside S[V]. 

More generally, we may explicitly compute the inner product between a pair of Gaussians in 
symmetric Fock space as follows. 

Theorem 2.14. If X and Y in ^'^[V] have operator norms strictly less than unity then 

<e^\e^ >=Det^I-YX)-'^. 



Proof. It follows from Theorem l2.13l bv the principle of analytic continuation that if M G ^(V^) 
then 

< e^''\e^'' >= Det5(/ - YuXMy^ 

since both sides are respectively (antiholomorphic, holomorphic) in {Xm,Ym) and agree when 
Xm = Ym- Now pass to the limit as M runs over F{V) while taking into account Theorem II. 81 
and continuity of the determinant. D 

Incidentally, it is perhaps worth recording a related formula. Let z €V and let C, G ^^[y] 
correspond to Z £ ^'^[V] with \\Z\\ < 1. By induction, if n G N then 

/I \ ^ 

< z2"|^" >= (2n)! (- < z\Zz >) 

so that by summation 

/I 



(2.4) < e^|e^ >=exp(- < z|Zz>j. 

Theorem 2.15. Let Z G T.^[V] and let \\Z\\ < 1. If (j) e SV then 4) e^ G S[V]. 

Proof. As usual, linearity and polarization grant us the right to suppose that (f> — v"' for v £ V 
a unit vector and n G N. Let Z correspond to C G S'^[V^] and choose s > 1 so that ||sZ|| < 1. 
From Theorem 12.81 it follows at once that 



,,nZ\\2 ^ Y^ 






||w"e^r < 2^ (2fc + «)••• (2fc + l) 
fceN 



Now, the power series 



and 



'■k\\2 

,2k 



^ (fc!)2 



t' 



oo II ^^ ij 2 

have the same radius of convergence; the former converges when i = s > 1 so the latter 
necessarily converges at t = 1. D 

We can say a little more about e^ when Z G S^[T^] and ||Z|| < 1: from Theorem 12.151 it 
follows that e^ lies in the domain of each creator polynomial; in fact, by Theorem l2.12l it follows 
further that e^ lies in the domain of each polynomial in creators and annihilators. 
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So far as symmetric Fock space itself is concerned, there is little point to considering the 
exponentials of homogeneous elements in SV having degree greater than two: such exponentials 
do lie in SV of course, but they only lie in S[V] when the homogeneous element is zero. 

Theorem 2.16. Let ( e S^V be homogeneous of degree d > 2. If exp( lies in S[V] then 

C = o. 

Proof. If expC lies in S[V] then of course its degree d component ( lies in S'''[y]. Let v ^ V he 
a unit vector and let M = Cv E J^{V) so that (m ~ ^v'^ for some A G C: from 

and 

llexpCMll < llexpCll < oo 
it follows that A = whence 

< v'^\C >=< v\m >=< v'^\\v'^ >=d\X = 0. 
To complete the proof, invoke Theoreni ll.l2l in conjunction with the remark following Theorem 

o 

D 

3. Generalized Fock implementation 

The imaginary part fl of the complex inner product < • | • > on V^ is a real symplectic form: an 
alternating real-bilinear form that is (strongly) nonsingular in the sense that the correspondence 
V -H> r2(w, •) is an isomorphism between V and its real dual. The corresponding symplectic group 
Sp(V^) comprises all real-linear automorphisms g oi V that are symplectic in the sense 

x,y eV ^ n{gx,gy) = n{x,y). 

Note that each g e Sp(V") is automatically bounded: as may be verified by direct calculation, 
its adjoint relative to the real inner product (-I-) = Re < -j- > on F is given by g* = —Jg~^J. 

As is the case for any real-linear endomorphism of a complex vector space, each g e Sp(T^) 
decomposes uniquely a.s g = Cg + Ag where Cg — \{g ~ J 9 J) is complex-linear and Ag = 
■^{g + JgJ) is antilinear. 

Theorem 3.1. If g E Sp(l^) then Cg* — Cg-i and Ag* = —Ag-i where adjunction is relative 
to the real inner product (-j-) on V . 

Proof. This follows at once from the formulae for Cg and Ag displayed prior to the Theorem, 
since J is skew-adjoint and g* = —Jg^^J. D 

In terms of the complex inner product < -j- > itself, if g G Sp(y) and x,y E V then 

< Cgx\y > = < x\Cg-iy > 
< x\Agy > + < y\Ag-ix > = 0. 



Theorem 3.2. If g e Sp(F) then 

Cg-^Cg + Ag-lAg — I 
Ag-lCg+Cg-lAg=0. 

Proof. This is actually valid for any real-linear automorphism g oi V and follows upon taking 
complex-linear and antilinear parts in 

{Cg-.+Ag-.){Cg+Ag)^g-'g^I. 

D 
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Note that Theorem 13.11 and Theorem 13.21 together imply that if (/ G Sp(y) then 

C,*Cg - A,* A, = I 

^9 ^9 — ^9 ^9- 

Thus, Cg*Ag is real self-adjoint and ii v ^ V then 

\\Cgv\\'^\\Agvr + \\v\\'. 

Theorem 3.3. If g G Sp(T^) then its complex-linear part Cg is invertible. 

Proof. The formula immediately prior to the Theorem shows that Cg is injective and indeed 
bounded below by unity. Similarly Cg-i is injective, so Theorem 13.11 implies that Cg has dense 
range. Together, these facts force Cg to be invertible. D 

This justifies associating to each g G Sp(T^) the antilinear operator 

(3.1) Zg = -AgC;'=Cp,Ag^^ 

which is symmetric antilinear and has operator norm strictly less than unity by virtue of the 
formulae recorded after Theorem [ 



We shall find it convenient to introduce transformed creators and annihilators. Thus, let 
g G Sp(F): for v E V we define 

Cg{v) = c{Cgv) + a{Agv) 

ag{v) ^ a{Cgv) + c{Agv) 

as operators on SV and SV . These transformed creators and annihilators continue to satisfy 
the canonical commutation relations. 

Theorem 3.4. If g G Sp(T^) and x,y eV then 

[03(2;), ag(y)] =0 

[ag{x),Cg{y)] =< x\y > I 
[cgix),Cg{y)] =0. 

Proof. Simple application of Theorem 13.11 and Theorem 13.21 to the canonical commutation re- 
lations of Theorem 12.21 taking the central identity for example, 

Mx),Cg{y)] = [a{Cgx),c{Cgy)] + [c{Agx),a{Agy)] 

= {< Cgx\Cgy > - < Agy\AgX >}I 

= {<x\Cg-iCgy> + <x\Ag-iAgy>}I 

= < x\y > I. 

D 

We remark further from Theorem 13.21 with g G Sp(T^) replaced by its inverse that ii v £ V 
then 

c(w) = Cg{Cg-iv) + ag{Ag-iv) 
a{v) = ag{Cg-iv) + Cg{Ag-iv). 
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Now, the generalized Fock representation of V is set up as follows. For v Cz V we define t:{v) 
as a complex-linear endomorphism of either the symmetric algebra SV or its full antidual SV 
by the rule 

(3.2) 4^;) = _L{c(«)+a(«)} 

whence if $ G SV and V" e 5*^ then 

[7r(u)$] (■(/') = <i>(7r(w)V'). 
Note that ii v E V then as c{Jv) = ic{v) and a{Jv) = —ia{v) so 

c(w) = -y={7r{v) - iniJv)} 
a{v) = — ={7r(u)+i7r(Ju)}. 

The generalized Fock representation tt of F is projective: it satisfies the Heisenberg form of 
the canonical commutation relations on SV and SV (without qualification) as follows. 

Theorem 3.5. If x,y E V then 

[TT{x),TT{y)] ^in{x,y)I. 

Proof. That the displayed equations hold on both SV and SV follows at once from the canon- 
ical commutation relations in Theorem [ 



[TT{x),TT{y)] = -[a{x),c{y)] + -[c{x),a{y)] 

= ^{<x\y>- <y\x>}I 

= i^{x,y)I. 

D 

The generalized Fock representation is also weakly irreducible. 

Theorem 3.6. // the linear map T :V ^^ V commutes with tt in the sense 

V E V ^ Tt:{v) ~ Tr{v)T 

then T is a scalar (multiple of the canonical inclusion). 

Proof. Here, tt{v) E End SV on the left and tt{v) E End SV on the right. Taking complex- 
linear and antilinear parts in the hypothesized condition, ii v E V then Tc{v) — c{v)T and 
Taiv) = a{v)T. Now 

veV ^ a{v)Tl = Ta{v)l = 

whence Theorem 12.51 yields A G C such that Tl = Al. Finally, if ui, . . . , u„ G V then 

T{vi---Vn) = Tc{vi) ■ ■ ■ c{Vn)l 
= c{vi) ■ ■ ■ c{Vn)l 
= Awi • • • W„ 

and linearity concludes the argument. D 

Now, let g E Sp{V). The transformed representation n o g oi V on SV given by 

(3.3) V eV ^ no g{v) = TT{gv) = —={cg{v) + ag{v)} 

also satisfies the Heisenberg form of the canonical commutation relations: this may be seen by 
applying Theorem 13.41 (rather than Theorem 12. 2p in the proof of Theorem 13.51 Accordingly, it 
is reasonable to ask whether the representations nog and it are equivalent in any sense. 
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By a generalized Fock implementer for g e Sp(T^) we shall raean a (nonzero) linear map 
U : SV — > SV that intertwines tt and t: o g in the sense 

(3.4) veV^ U7:{v) = 7:{gv)U 

where 7r(u) € End SV and T:{gv) e End SV . 

Theorem 3.7. The linear map U : SV -^ SV is a generalized Fock implementer for g E Sp(V^) 
precisely when 

^^^^iUciv)^c,iv)U 
[Ua{v) ^ag{v)U. 

Proof. In the one direction, taking complex-linear and antilinear parts in the equation p.4p 
defining J7 as a generalized Fock implementer yields the displayed equations; in the other 
direction, adding the displayed equations reveals [/ as a generalized Fock implementer in view 
of dS:! and MM. D 



It follows easily by the observation after Theorem 13.41 that U : SV — > SV is a generalized 
Fock implementer for g € Sp{V) exactly when 

^^^^iUcg-.iv)^civ)U 
\Uag-i{v) =a{v)U. 

By a generalized Fock vacuum for g E Sp(V^) we shall mean a (nonzero) vector $ G SV such 
that 

(3.5) V E V ^ {TT{gv) + iTT{gJv)}^ = 

or equivalently 

V eV ^ ag(w)$ = 0. 

Theorem 3.8. If g E Sj>(V) then the rule $ = Ul sets up a bijective correspondence between the 
set of all generalized Fock vacua $ E SV for g and the set of all generalized Fock implementers 
U :SV ~> SV for g. 

Proof. On the one hand, if [/ is a generalized Fock implementer and ii v E V then Theorem 13 .71 
implies that 

ag{v)Ul == Ua{v)l = 

whence Ul is a generalized Fock vacuum. On the other hand, if $ is a generalized Fock vacuum 
then the canonical commutation relations in Theorem l3.4l enable us to define a generalized Fock 
implementer U by Ul = $ and the rule that ii vi, . . . ,Vn E V then 

U{vi ■ ■ ■ Vn) = Cg{vi) ■ ■ ■ Cg{Vn)^. 

Finally, it is plain that $ <-^ [/ is a bijective correspondence. D 

Recall that in p.l|) we associated to each g E Sp{V) the symmetric antilinear operator 
Zg = —AgC~^ with operator norm strictly less than unity; denote the corresponding quadratic 
by Cg G S^V so that 

V E V ^ a{v)C,g = ZgV. 

Theorem 3.9. The generalized Fock vacua for g E Sp(V^) are precisely the scalar multiples of 
the Gaussian 

e^' = exp(Cs) E SV. 
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Proof. Let $ = X^deN ^"^ ^^ ^ generalized Fock vacuum for g. Upon taking homogeneous 
components, the generahzed Fock vacuum condition fohowing (I3.5P on $ yields that ii v £ V 
then a{Cgv)^^ — (the d = equation) while 

d>Q^ a{Cgv)<^'^+^ + c(Agv)<^'^^'^. 

By Theorem 13.31 it follows that if i; e V^ then a(i;)$^ = (the d = equation) while 

d > ^ a(f)$''+i = c{Zgv)<^'^-\ 

The d = equation forces <i>^ to vanish and the even d > equations then force all odd-degree 
components of $ to vanish by Theorem 12.51 The d = 1 equation forces $^ to equal $°Cg a-^id 
the odd d > equations then force $ = $" exp(Cg) by induction. In the opposite direction, 
each scalar multiple of exp{Q) is a generalized Fock vacuum for g either by essentially the same 
argument or by Theorem 12. 121 D 

We are now able to establish the unconditional existence of generalized Fock implementers. 

Theorem 3.10. The generalized Fock implementers for g e Sp(l^) are precisely the scalar 
multiples of Ug : SV — > SV defined by Ugl = e^o and the rule that if vi, . . . ,Vn G V then 

Ug{vi •••«„) = Cg{vi) ■■ ■Cg{vn)e^^. 

Proof. Of course, this is an immediate consequence of Theorem 13.81 and Theorem 13.91 D 

We remark that if g G Sp(F) then the specific generalized Fock implementer Ug : SV -^ SV 
so defined is distinguished by having generalized vacuum expectation value unity in the sense 
that [Ugl]{l) = 1. 

By extension of the usual notion, if T : SV — >■ SV' is a linear map then its adjoint is the 
linear map T* : SV ^ SV defined by 



^,Ve5^^[r*</)](V') = [T^](0). 

Theorem 3.11. If g e Sp{V) then U* = Ug-i. 

Proof. This proceeds with the aid of Theorem 13.71 and the remark thereafter: ii v £ V and 
(l),ip £ SV then 



[U;a{v)(bm = [Ug^Ka{v)cj,) 



= [c{v)Ugi^m 



= 


[UgCg-.{v)^/j]{cf,) 


= 


[u;<t>]{cg-i{v),p) 


^ 


[ag-iiv)u;4>]W 


u;aiv) = 


-ag-iU; 


U*gC{v) = 


-c,-^u; 



whence 

while 

similarly; finally, 

[t/;i](i)-[c/gi](i) = i. 

D 

Now traditionally, the Fock representation and Fock implementers act in symmetric Fock 
space S'[T^]. The relationships between our generalized notions and the traditional ones are as 
follows. 
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First of all, let v ^ V. The generalized Fock operator tt{v) : SV -^ SV restricts to define 
in S[V] an operator also denoted by t:{v) having natural domain 

{$ e S[V] : 7r(w)$ e S[V]}. 

An argument along similar lines to that for Theorem 12.71 shows that this traditional Fock 
operator tt{v) with the above domain is self-adjoint; 7t{v)* — tt{v). We point out that Theorem 
13.51 is not true for these traditional Fock operators without qualification: domain technicalities 
enter into the (Heisenberg) canonical commutation relations, thus 

x,y eV ^ [7r(a;), 7r(y)] C in{x, y)I. 

Again let g e Sp(T^). In the traditional context, it is natural to seek conditions necessary 
and sufficient for the existence of a unitary operator U : S\V] ^^ S\V] such that 

V eV ^ Un{v) = n{gv)U. 



As Theorem 13.101 furnishes a linear map Ug : SV -^ SV such that 

V eV ^ Ug7r{v) = Ti{gv)Ug 
it is clear that the problem to solve now is essentially one of normalization. 

Theorem 3.12. If g (z Sp(l^) is such that Ag is of Hilbert- Schmidt class then the prescription 



a 

\„^<i II -ir/ 

9 



t/(5):=||e^Hri[/, 



determines a unitary operator on S[V]. 



Proof. Let Ag be Hilbert-Schmidt. The symmetric antilinear operator Zg is now Hilbert- 
Schmidt also; as \\Zg\\ < 1 already. Theorem 12.131 places e'^" in S[V] with 

||e^«f = Det(/-Z2)-i. 

Normalizing, define U{g) = We^iW^^Ug as announced. The corresponding generalized Fock 
vacuum $((7) = U{g)l = \\e^o\\~'^e^<' € S[V] is a unit vector in the domain of every creator- 
annihilator polynomial, on account of the remark after Theorem 12.151 From the definition of 
Ug in Theorem [Xini it now follows that U{g) maps SV to S[V]. To see that U{g) : SV -^ S[V] 
is isometric, let xi, . . . , Xr, yi, . . . ,ys € V: the canonical commutation relations in Theorem 13.41 
yield 

< U{g)ixi ■ ■ ■ Xr)\U{g){yi ■■■ys)> = < Cg(xi) • • • Cgixr)^{g)\cgiyi) ■ ■ ■ Cg{ys)<^ig) > 

= < ^{9)\ag{xr) ■ ■ ■ ag{xi)cg{yi) ■ ■ ■ Cg{ys)<i>{g) > 
= < xi- --Xrlyi ■ --ys > 

by virtue of Theorem 12. 71 Of course, parallel remarks apply to f/(5~^) because Zg-i = Cg^^Ag 
is Hilbert-Schmidt. To see that the isometric extension U{g) : S[V] — >■ S[V] is unitary, note 
first that U{g~^) = U{g)* by Theorem [3111] and the fact that / - Z^_, = C'^il - Z^)Cg from 



Theorem 13.21 Now, if 0, -0 S SV then Theorem 11.111 shows that 



< ^\Uig)ij >= [U{g)^m = [U{g)*<l>m =< U{g-')^\^ > 
whence if $, vf G ^[y] then Theorem 11.91 shows that 



< $|t/(.g)* >=< C/(5-i)$|* > . 



Thus the Hilbert space adjoint of U{g) is the isometry U{g ^). 

D 

Conversely, if Ug may be rescaled so as to produce a unitary operator on S[V] then in 
particular the Gaussian e^' — Ugl lies in S[V] and therefore Ag — —ZgCg is of Hilbert-Schmidt 
class. 
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Now by definition, the restricted symplectic group Sp^(,s(l^) comprises precisely all those 
g e Sp(y) for which Ag is of Hilbert- Schmidt class. When g e Sp;.ps(T^) we shall denote by 

(3.6) U{g)^Deti{I~Z^g)Trg 

the extension of U{g) = Det^ {I — Z^)Ug to a unitary operator on S[V]. By definition, the 
resulting map 

(3.7) U : Sp,„,(V^) -^ AntS[V] 

is the metaplectic representation. This is indeed a projective representation, whose cocycle may 
be derived explicitly as follows. 

Theorem 3.13. Ifg,he Sp,e,(y) then 

U'glA.= dig, h)U^ 

where 

5[g,h) = Bet^{I-ZhZg-i)-\ 

Proof. Introduce a linear map Ugh '■ SV — > SV by the rule 

(l)esv^ Ugh{q^) = u~g TThidp) = TTgiUh^). 

li V <eV then it follows by Theorem II . 11 1 and Theorem 12 . 71 with the proof of Theorem 13.121 that 

[Ughc{v)(t)]{ilj) = <tlj\UgUhc{v)(f>>^<Ug-iij\ch{v)Uh(f>> 

^ < ah{v)Ug-iip\Uh4> >=< Ug-iagii{v)il)\Uh4' > 

= < agh{v)^\U glJhCJ) >= [UghCJ)]{agh{v)i^) 

= [Cgh{v)Ugh(t)\{ll}). 



UghC{v) =Cgh{v)Ugh 



Accordingly, ii v ^ V then 

and similarly 

Ugha{v) = agh{v)Ugh- 

Thus Theorem 13.71 and Theorem 13.101 imply that Ugh and Ugh are proportional, so Ug Uh 
and Ugh are proportional. All that remains is to compare normalizations: on the one hand, 
[t/ghl](l) = 1 by definition; on the other hand. Theorem 11.111 and Theorem 12 . 141 with the proof 
of Theorem [SH yield 

[I7gC41](l) = <l\irg{Uhl)>^<Ug-i\\Uhl> 

= <e^9-i|e^" >=Iiet^{I-ZhZg-i)-''. 

D 

4. Remarks 

In this final section, we make a number of remarks concerning the approach adopted in these 
notes. 

Firstly, the approach via the antidual is decidedly elegant and offers a natural environment in 
which to develop the theory. It facilitates clean proofs: indeed, we have taken this opportunity 
to present simple proofs for several theorems difficult to locate in the literature. Thus, the 
handling of creators and annihilators is improved: for example, the proofs that ii v & V then 
c{v)* — a{v) and a{v)* — c{v) are particularly straightforward; field operators and the number 
operator are similarly transparent. Also, exponentials are manipulated with ease: among other 
things, we mention the effect of creators and annihilators on Gaussians and the fact that the 
exponentials of nonzero cubics do not lie in symmetric Fock space. Of course, the antidual is 
especially appropriate for the discussion of generalized Fock implementation. 
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As another example, let us outline a proof of the fact that if Z G S'^[T^] and \\Z\\ < 1 then 
the Gaussian e^ € S[V] is cyclic for creators alone. Observe that I — Z^ is an invertible positive 
operator, so we may define C : = ^J{I — Z'^)~^; the operator g :— [I — Z)C then lies in Sp(y) 
and indeed in Spr(,s(T^) since Zg = Z is, Hilbert-Schmidt. Now, the unitary operator U{g) on 
S\V] defined in Theorem 13. 121 has the property that if ui, . . . , u„ G V then 

U{3){v^ •••«„) = lle^ir'cg(vi) • • • CgK)e^ 



whence Theorem 12.121 implies that 



As the (possibly empty) products of vectors from V span SV and as U{g) is unitary, so {4)e^ : 
(/) S SV} is dense in S\V]. Otherwise said, e^ is cyclic for creators alone. 

Next, we ought at least to mention the direct construction of the bosonic Fock representation 
in Weyl form. Coherent states are especially well-suited for this purpose, so let us introduce 
a complex vector space EV with basis {e^ : z g V} and inner product given by the rule that 
li x,y &V then < e^|e^ >= e<^l^>. Notice that Theorem 12.101 and Theorem 12.111 permit us 
to identify EV with the span of the coherent vectors {e^ : z E V}. Along with EV itself we 
naturally consider its full antidual EV' whose subspace E[V] of bounded antilinear functionals 
on EV is identified with S[V]. Certain other subspaces of EV' are also important: for example, 
that comprising all $ e EV' for which the function 1/ — )• C : z i— >■ <i>(e^) is antiholomorphic in 
one of several senses, such as the usual sense on finite-dimensional subspaces. 

To each w € y we associate the linear automorphism W{v) of EV defined by the rule 

zeV^ Wiv)e'' = (||en|e<^l^>)-i£"+^ 

and extend it to EV' by antiduality according to the prescription 

$ e EV', ipeEV^ [W{v)miP) = $(VF(-w)V'). 

Direct computation reveals that W{v) is unitary on EV and indeed on £'[V^]. The resulting 
map W : V ^ AntE[V] is a regular projective representation: it is regular, for ii x,y,v € V 
then the inner product 

< e''\W{tv)ey >=exp{< x\y > +{< a;|-u > - < v\y >)t - -\\v\\'^t'^} 

depends continuously on i e M; it is projective, its cocycle being readily verified to have the 
Weyl form 

x,y eV ^ W{x)W{y) = exp{-if2(x, y)}W{x + y). 

In this formalism, a generalized Fock implementer for g G Sp(V") is a (nonzero) linear map 
U : EV — > EV that intertwines W on EV with W o g on EV in the sense 

veV ^ UW{v) = W{gv)U. 

The intertwiner U may be required to satisfy further restrictions, such as that < e^|f/e^ > be 
(antiholomorphic, holomorphic) in {x, y) G V y,V . With this definition, a specific generalized 
Fock implementer Ug : EV — > EV' is given explicitly by the rule that if x, y G V then 

[Ugey]{e^) = exp{i < x\C-\{y - Ag-.x) >+\< C;\x - Agy)\y >} 

The proof of this fact is entirely routine: as the action of W passes from EV to EV' by 
antiduality, it is enough to argue algebraically that ii x,y,v d V then 

[UgW{v)ey]{en = [Ugey]{W{-gv)en. 

Of course, if g G Sprgs(V) then Det* (/ — Zg)Ug determines a unitary intertwining operator on 
i?[T^]. We remark that |7] presents a more detailed analysis, incorporating (— , +) holomorphicity 
restrictions in terms of the complex- wave representation. 
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Lastly, the elegance of the approach adopted here suggests that it should be adopted else- 
where. As a matter of fact, in we have already discussed an analogous treatment for the 
fermionic Fock representation of V: we placed fermionic Fock space /\[V] between the exterior 
algebra /\ V and its full antidual /\ V while simultaneously developing the Berezin calculus in 
arbitrary dimensions. In the fermionic context, it transpires that an orthogonal transformation 
g € 0{V) admits a generalized Fock implementer precisely when the complex-linear part Cg 
has finite-dimensional kernel; again, if the antilinear part Ag is Hilbert-Schmidt then a suitably 
normalized implementer determines a unitary intertwining operator on A[^]- Of course, it is 
natural to attempt a similar treatment for the Fock representation of an indefinite inner product 
space : when this is a Krein space the Hilbert space machinery may be employed, but even 
then it is not of primary importance; thus an approach by way of the antidual shows promise. 
Such matters will be addressed in a future publication. 
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